In this paper, we establish more identities of generalized multi poly-Euler polynomials with three parameters and obtain a kind of symmetrized generalization of the polynomials. Moreover, generalized multi poly-Bernoulli polynomials are defined using multiple polylogarithm and derive some properties parallel to those of poly-Bernoulli polynomials. These are generalized further using the concept of Hurwitz-Lerch multiple zeta values.
Introduction
The Euler numbers, denoted by E n , are usually introduced as the coefficients of the generating function 1 cosh t = 2e t e 2t + 1 = ∞ n=0 E n t n n! .
Eventually, these numbers have been generalized in polynomial form as
where E n (x) denote the so-called Euler polynomials.
Euler numbers and polynomials have a rich literature in the history of mathematics where bunch of identities and properties have been established including their mathematical and physical applications. These numbers and polynomials have close connections with Bernoulli numbers and polynomials, particularly, in the structures of their properties and generalizations. In fact, in almost every property and generalization of Bernoulli numbers and polynomials there corresponds property and generalization for Euler numbers and polynomials. For instance, Kaneko [18] introduced the poly-Bernoulli numbers B which have been recently extended by H. Jolany et al. [17] in polynomial form as
It is worth-mentioning that the above generalization of Kaneko has been generalized further by Cenkci and Young [7] using the concept of Hurwitz-Lerch zeta function Φ(z, s, a) as follows
where
The numbers B 
where S(n, m) denotes the Stirling numbers of the second kind. A parallel version of generalization for Euler numbers is still to be done. However, it is expected that the structure is quite complicated. For instance, one may define it as 2(1 − e −t )Φ(1 − e −t , k, a)
The numbers E (k)
n,a may be called the Hurwitz type poly Euler numbers. One can easily derive the explicit formula for E (k) n,a as follows
We notice that the explicit formula of E (k) n,a is more complicated than that of B (k) n,a . Another form of generalization of Bernoulli numbers has been defined by Imatomi et al. [13] in terms of multiple polylogarithm as follows
These numbers possess respectively the following recurrence relation and explicit formula
Parallel to the above generalization is the generalized multi poly-Euler polynomials which are denoted by E (k 1 ,k 2 ,...,kr) n (x; a, b, c). These polynomials have been introduced in [16] by means of the above multiple poly-logarithm, also known as multiple zeta values. More precisely, we have
When r = 1, (11) boils down to the generalized poly-Euler polynomials with three parameters a, b, c. Moreover, when c = e, (11) reduces to the multi poly-Euler polynomials with two parameters a, b. These special cases have been discussed intensively in [16, 11] .
Some properties of generalized multi poly-Euler polynomials E where
with s = c 1 + 2c 2 + . . .. When r = 1, these identities reduce to
which are properties of generalized poly-Euler polynomials (see [16] ).
In this paper, some identities of E 
Generalized Multi Poly-Euler Polynomials and Stirling Numbers
The generalized poly-Euler polynomials with three parameters a, b and c are defined in [16] as follows 2Li 
Here, we derive some identities for E (k 1 ,k 2 ,...,kr) n (x; a, b, c) which are parallel to those in Theorem 2.1 . The first such identity is given in the following theorem. Proof. Note that (11) can be written as
Using Newton's Binomial Theorem, we have
Comparing coefficients completes the proof of (20) .
In particular, when c = e and r = 1, (20) yields (16) . For the generalization of (17), we have the following theorem. Theorem 2.3.
Proof. Note that (11) can be written as
((e rt log c − 1) + 1)
x Using Newton's Binomial Theorem, we have
Comparing coefficients completes the proof of (21).
Theorem 2.4.
Comparing coefficients completes the proof of (22).
Theorem 2.5.
Comparing coefficients completes the proof of (23).
The next theorem contains an identity which is obtained by making use of the following differential formula for the generalized poly-logarithm (Hamahata and Masubuchi, Integers)
Proof. We differentiate both sides of
with respect to t using (24). If
Dividing both sides by 1 + (ab) t r , we have
we obtain r log(ac
Hence,
Comparing the coefficients on both sides, we have
If k r = 1, then the second term on the left-hand side becomes
After dividing of 1 + (ab) t r , this second term becomes
Finally, we get x ln c+ln a ln a+ln b )t e t+u (1 − e −t ) (e t + 1)(e t + e u − e t+u )
and explicit formula 
The following theorem contains the double generating function for D )t e ( r 2 )u+(r−1)t (1 − e −t ) r−1
Proof.
Using identity (13), we obtain )t )u e (r−1)(
. . .
)u e (r−1)(
r−1
(1 + e t ) r−1 r−1 i=1 (e t + e iu − e t+iu )
.
Note that equation (25) can easily be deduced from equation (28) by taking r = 1. It is then interesting to establish an explicit formula for D 
. . . . . .
n (x, y; a, b, c) . . .
Comparing coefficients, we obtain the following theorem. . . .
Generalized Multi Poly-Bernoulli Polynomials
Parallel to the definition of generalized multi poly-Euler polynomials in (11), we have the following generalization of poly-Bernoulli numbers.
Definition 4.1. The generalized multi poly-Bernoulli polynomials are defined by
One can easily prove the following theorem using the same argument in deriving the identities in Theorem 2.2-2.5. 
Proof. So, we get which is exactly the explicit formula for Hurwitz type poly-Bernoulli numbers in Theorem 2.1 of [7] .
